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M Initial-Value Problem

d"y

n-1

+-- +a1(r)d +a,(x)y = g(x)
dx

oK :
1?

I.C.:y(xﬂ):_vﬂ, V(x) =y V(X)) = Ve
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Example 1 Unique Solution of an IVP
3v"+5y"=y'"+7y =0, v(1)=0, y'(1)=0, v"(1)=0
(Solution)

=0 3 x=1




Example 2 Unique Solution of an IVP
V'=4y=12x, y(0)=4, v'(0)=1
(Solution)

2x —2x

- v=3e +e  —3x




M Boundary-Value Problem

d’v dv
Solve: @ (X)—F 0 > ta(x) T+HD(T)1_Q(T)

Subjectto: V(a)=y,, V(D)=
V@=y. ¥0)=v,
W)=y, ¥®)=y,
Vi) =y,.  Y(0)=n.

General
o, v(a)+ By'(a) =y

o, ¥(D) + B,y (D) = 7.




Example 3 A BVP Can Have Many, One, or No Solutions

¥"+16x=0 > x=ccosdf+c,sindr. 2
(@) X"+16x=0, x(0)=0, x(7/2)=0

BC. x)=0 =5 ¢,=0

X =€, Cos At

- infinitely many solutions

(0, 0) [
(b) X"+16x=0. x(0)=0, 1‘(,?2';’8):[}3 it CE:,_,E

B.C. x(0)=0 5> ¢,=0 5> x=c¢cosdt; x(7/8)=0 5 =0 > y=0
- only solution
¢) X"+16x=0, x(0)=0, x(7/2)=1
BC. x(0)=0 > ¢,=0 5> x=ccosdt: x(7/8)=0 5 l=c,sin27=¢,-0=0 (m=)

- no solution



n-1

a (v) 4, )”’x i

+- +a1(’f)E+ﬂu(T)l =0 3 Homogeneous

dn—lv
et (¥) =7 ] +---+ay(x) x+a{,(r)1 =g(x). 5 Nonhomogeneous
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Differential Operator: dv/dx =Dy
ex: D(cosdx)=—4sindx, D(5x’ —6x")=15x"—12x

d"y
1 — DHJ:._

1

; 25
ﬁ? ((ﬁ ] _ d : — D( D1) — Dli'l-" aﬂd i11 general
dx\ dx ) dx° a

L=a,(x)D"+a, (x)D"" +---+a,(x)D+a,(x).

Liaf(x)+ fg(x)}=al(f(x))+ BL(g(x)). (Linear Differential Operator)




B Differential Equations

V'+5y'+6y=5x-3

> D'v+5Dv+6y=5x-3
> (D°+5D+6)y=5x-3
> L(v)=5x-3

L(v)=0 and L(v)=g(x),




B Superposition Principle

Theorem 3.1.2 Superposition Principle — Homogeneous Equations

B 10,

V=1 (X)+ 1, (X)) +---+ ¢ 1 (),

Proof

L(y)=L{cy () + 0, (X) +---+ ¢ 0: (X))
=, L(v,)+ ¢, L(v,)) +---+c.L(v,)
=¢,-0+¢,:0+---+¢,-0=0.




Example 4 Superposition - Homogeneous DE

g

. = 3 —_ 2 J— 2 ‘2
‘1_.1 =X, _1,2 =X ]_njr_)_}_c_‘lr —i—(.’zl ]ll.T

2 2
v=0x +c,x Inx

y=e" 3 y"-9y' +14y=0

y=9e"

" —2x) +4y =0




_—nmmm—mnmmm

dﬂv H—lv d‘lf
a, (I)?r"n + aﬂ—](x) ('ET”:I +---+ ﬂl(x) E_‘_ HG(I)}»‘ - g(l')

vV, = Particular Solution

v=ey () +op,(x)+--+o v () +y,
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Example 10 General Solution of a Nonhomogeneous DE

3" —6y"+11y" -6y =3x.
> v, =-( 1/12)—(1/2)x
¥ —6y"+11y' -6y =0.

> y.=c¢e +c,et +ee
(11) general solution

) 11 1
Y=y, +y,=q€ +ce + c,e — > —Ex.




Example 11 Superposition —- Nonhomogeneous DE

V. = 45’ = ‘1_:” — 3:1:’ +4y = —16x" +24x—8

s
2x _ = / 2
v, =e 2 y' -3y +4y=2e"
v, =xe 2 y'-3y +4y=2xe" —¢"

. , , Y P 2x X
S .1"_.1"p1+.1'p2+-1p;_ Ax" +e” +xe A

V=39 +4y=—-16x"+24x -8+ 2™ +2xe" —e.

[ . r

§1E~T) g,(x) 2;(x)




3-2. A gty




Example 1 Finding a Second Solution

Solution

v=u(x)y,(x)=u(x)e’
yvizue' +e'u’, y'i=ue' +2e'u +e'u’,
_1‘" —y = E?J(HH + EHF) =0. > " +2u'=0.
w=u'=ce" > u=—1/2)ce”" +c,

C .
}— X p— —_1 J_l JJ' . —_ —
v=1u(x)e 5 € +tCe .- ¢ ¢=-2¢=0

Vv, =€



B General Case
(1) a,(X)y"+a,(x)V' +a,(x)y=0 « a,(x)
¥+ P()Y + () =0,
v=u(x)v(x)
V= +vpd, V' =w]+ 2y + vl > (3)

V'+ Py +Ov=u[ v+ Py, + Oy ]+ vu"+ 2y + Py)u' =0.

Ze10

" +Qvi+Py)u'=0 or yw+(2y +Py)w=0,

DY S s pav=0
w V




+———————

—| Pdx
lﬂ‘wf‘:—Jde+c or Wy =ce J
- [Pax
e
?J:Clj—zdercz.
N

—‘[P(xjdx
v, =y (0u(x) =y (I)‘[E%de.
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v, = y(x)u(x) = 11(1').[' 20 dx.

Example 2 A Second Solution by Formula (5)

Solution
[ 3 i'+ 4 0
.V =V —v =0, —
Standard form; . .*r' 2 y1 = X
3[axix
s e 9 t'fr
L,:TJ —adx = X" = —x'Inx
} X X

General solution

2 2
V=X +cx Inx.



